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Abstract: Considering the two-stage flexible flow shop with dynamic job arrival, each stage contains
identical parallel machines, and the second stage receives jobs with stochastic arriving time from first
stage. To estimate the job completion time at each stage is useful to enhance the customer service or
production performances. The completion time of jobs at each stage can be determined with the sum
of the stage arriving time, the expected stage waiting time, and the expected stage service time of jobs.
The expected stage waiting time of job relates to the utilization rates of machines, which should be
corrected due to the idleness of machine. Theidle time depends on the number of jobsin the system at
specific time. The birth-and-death process can be used to describe probabilistically how the number
of jobs in the system changes as time increasing. Note the stage service time of jobs relates to the
estimated setup time and the processing time of jobs at each stage. To analyze the accuracy on the
estimated stage completion time of jobs, a computational test through simulation is conducted to

verify the proposed probabilistic model.

Keywords: dynamic arrival of job, flexible flow shop, stage completion time, idle time,
birth-and-death process



1. INTRODUCTION

The flexible flow shop with jobs arriving dynamically is a complicated scheduling problem,
which has many real-world applications, especially in the TFT-LCD manufacturing or in the
integrated circuit (1C) manufacturing industry. In general, the flexible flow shop consists of a set of
more than two process stages, in which each stage is made up of identical parallel machines, and the
next stage will receive jobs with stochastic arriving time from the previous stage. Jobs arrive at the
system dynamically, which makes the arriving time of jobs at each stage and the compl etion time of
jobs at each stage difficult to predict. Note that the final stage completion time can be applied to
assign an internal due date for a job to respond the delivery date request from customer and to
facilitate the shop floor control. Therefore, it isimportant to devel op an efficient approach to estimate
the job finished time at each stage to enhance the customer service and production performance.

In this paper, a probabilistic model is developed to estimate the stage compl etion time of jobs for
the two-stage flexible flow shop, in which the inter-arrival time of jobs for different product typesis
assumed to be independently and exponentially distributed and the jobs are dispatched to parallel
machines by FIFO rule. A sequence-dependent setup occurs for the process changing from one
product type to another. The completion time of jobs at each stage can be determined with the
summation of the stage arriving time of jobs, the expected stage waiting time of jobs, and the
expected stage service time of jobs. The expected stage waiting time of job relates to the utilization
rates of machines, which should be corrected due to the idleness of machine. The idle time depends
on the number of jobs in the system at specific time. The birth-and-death process can be used to
describe probabilistically how the number of jobsin the system changes astimeincreasing. The stage
service time of jobs is defined by adding the estimated setup time and the processing time of jobs at
each stage. The completion time of jobs at each stage relatesto the arrival rates of jobs at each stage,

therefore, the arrival rates of jobs at each stage must compute in advance. The arrival rates of jobs at



incumbent stage are defined as the inverse of the mean of the difference of the completion time of
jobs at previously stage.

The stage completion times of jobs are estimated in this paper, which has little been addressed
by research worksin the literature. In the past, related researches aimed at modeling the performance
of dynamic production system, such as the mean flow time, the mean queue length, machine
utilization or WIP. The performance measures can be estimated by queueing model (Karmarkar ed al.
(1985a) and (Karmarkar 1985b)) Furthermore, the approximate models have been developed to
estimate the performance measures under GI/G/m (Whitt (1993)). Vieiraet al. (2000a) and Vieira et
al. (2000b) presented the analytical models that can predict the performance like average flow time,
machine utilization, and setup frequency. As regards the flexible flow shop, Co and Li (1989)
presented a mean value analysis model to estimate the performance measures include the mean queue
length, the mean flow time, and the expected throughput. Nieuwenhuyes and Vandaele (2006)
presented the analytical expressions to estimate the average process time batch flow times for a
two-stage stochastic manufacturing system.

To analyze the accuracy on the estimated stage completion time of jobs, calculated by the
probabilistic model, a simulation model is built, in which jobs are dispatched according to the FIFO
rule and the inter-arrival time of jobs was independently and exponentially distributed. The
simulation runs are conducted for various parameters and the computational analysis is provided to
demonstrate the effectiveness of the proposed probabilistic model. This paper isorganized asfollows:
Section 2 devel ops the general probabilistic model to estimate the job completion time at each stage
for the flexible flow shop. Section 3 presents the simulation results and the accuracy analysis of the

probabilistic model. Section 4 gives the conclusions.



2. THE PROBABILISTIC MODEL FOR THE STAGE COMPLETION TIME

In this section, a probabilistic model for the stage completion time of jobs is developed for the
two-stage flexible flow shop with jobs of different product types arriving dynamically, in which the
inter-arrival time of jobsis exponentially distributed and the FIFO ruleis applied to dispatch jobs. A
sequence-dependent setup occurs with process changing from one product type to another. The
general models of jobs for the second stage estimated completion time are developed by firstly
defining the estimated completion time of jobs at the first stage and then secondly defining the
estimated arrival rates.
2.1 The estimated completion time of jobs at thefirst stage

Let J be the number of product types and k; be the number of machines at the first stage. Let

N1(t) be the number of arriving jobs of product type j by time t at the first stage, in which

{N_ (t),t >0} assumes a Poisson process with arrival rate 4, ;, j=1,2,...,J . Thetota arrival rate
a thefirst stage 4, isequal to thesumof 4, for al product types, ¥7.,4,; .

Theflexibleflow shop is made up of identical parallel machines at each stage. Sincethejobs are
dispatched to one of parallel machines at each stage, the expected completion time of the i™ job of
type] at the first stage (E(Ca,j)) can be estimated with the sum of the expected arrival time of the it
job of typej at the first stage (E(Yxij;)), the expected waiting time in queue for the i™job of typej at
thefirst stage (E(W,j)), and the expected average service timefor jobs of the product typej at thefirst
stage (E(STy,j)). Therefore, E(Cy,j) can be expressed as Equation (1) and the calculations of E(Y1j;),

E(Wh4,j) and E(ST;;) are presented below.

E(C,;)=E(Y,

1i

]i)*E(VVLiJ)*E(STm) ()
Since the inter-arrival time of job for the product type | at the first stage is independently and

exponentialy distributed with the parameter 4, ;, j=12,...,J, thearrival time of the product type |

jobinahorizon at the first stage should be uniformly distributed over [L1, U,]. Let Yy be the arrival



time of the i™ job of typej at the first stage under the condition that there are N; product typej jobs

arriving in the horizon [L,, U4]. The probability density function of Yy is shown as Equation (2).

_ N;! Yifii - 1 _ iy o
ng‘[']J (Yl[l]l)_(|_1)|(N]_|)I(U1—L1J Ul_Ll(l Ul_LlJ (2)

According to Equation (2), the expected value of Yi; can be calculated and is equa to

[i/(N; +D](U,-L).

Consider identical parallel machines at the first stage where jobs with different product types
arrive dynamically in the horizon [Li, U;]. The service time of job is equal to the sum of job’s
processing time and setup time, which is sequence-dependent. Therefore, the calculation of the
service time of jobs can be divided into three situations. First, the service time of jobs would be zero
with the condition no jobs arriving in the horizon [L;, U;]. Second, the service time of jobs would be
equal to its processing time with the condition one job arriving in the horizon [L;, U;] and this job
requiring no setting up. Third, the service time of jobs would be equal to the sum of job’s processing
time and its setup time with the condition one job arriving in the horizon [L1, U;] and this job
requiring a setup.

Suppose that the inter-arrival time of product type j job at the first stage is independently and

exponentially distributed with the parameter 4, ; , then the probability of the i™job of typej arriving at

the system in the horizon [L1, U4] can be calculated as Equation (3).

PriL<T;<U,]=] H%(t ) et 3

where T is the random variable that the time until the the i™ job of typej arrived at the systemin the
horizon [Li, U4], and the probability density function of Tyj is the gamma distribution with

parameters 4, ; andi. Let STy; bethe random variable of the servicetime of the i™ job of typej at the

first stage, j=1,2,...,J . The probability mass function of STy can be calculated as Equation (4).



Prl:ngTl,ij SU1:|(1_ FiFlFo) i Stl,ij = ptl,j
P(ST,. =<t |]=<P <T.<U, |P A if st =pt =12 J ' 4
( Lij — 1,ij)_ r[l-1— Lij = 1} l,FIFOT TS =P +8, r=44...,J, I#| (4)
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where pty; represents the processing time of product typej at the first stage, s, - represents the setup
time of product typej job at the first stage, in which the previousjob belongs to product typer, P1riro
represents the probability that setup is required for the job of product type | at the first stage, where

jobs are dispatched by the FIFO rule, 4, /4 represents the probability that the previous job

processed on the machine at the first stage belonging to product type r with /=37, . 4, .

According to the probability mass function of STj;, the expected service time of the i™job of typej at
the first stage E(STy;;) can be calculated by Equation (5).
E(STy ) =Pr[L <Ty <U, | Pty +Rero X (4 /4)s, (5)
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In Equation (5), E(ST1,j) depends on the probability P1riro. Therefore, before calculating the
expected service time of thei™ job of typej at the first stage (E(ST 1jj)), it is necessary to calculate the
probability P1rro in advance. For further details about the mathematical proof in the probability
P1riFo, See Yang et al. (2006).

The calculation of the expected waiting time

Considering jobs arrive at the first stage with a Poissonrate 4, =37, 4, ; and will be served by

any one of k; machines, each of which has the general distribution. Therefore, the queuing system at
thefirst stageisthe model M/G/K. Onejob arrives at the first stage, waiting would be necessary for an

arriving job while there are ns; jobsin the system, ns >k, . Let Ns; be the number of jobs present at

the first stage, and the approximation for p, (=Pr[Ns=ns]) at the first stage is equal to

[(LE(ST)™ 1k, (k)"™ 1y, . Where py, =[Sl 4E(ST) ]/ ni+[4E(ST,)*1/ (- o)k H] ™ and



ns >k, . Since the inter-arrival time of product type j job at the first stage is independently and
exponentially distributed with the parameter 4, ;, and then the probability of the i™ job of type j
would arrive at the first stage in the horizon [Ly, U4] is equal to Pr[L, <T,; <U,], where Ty is the

random variable that the time until thethei™ job of type] arriving at the first stage, and the probability

density function of Ty is the gamma distribution with parameters 4, ; andi.

Therefore, the waiting time of a new arriving job relates to the expected service time of some
specific number of jobs already arrived before the new arriving job. Supposing that a new job arrives

at thefirst stage and there are ns, = k; jobs present in the system, the new arriving job have to wait in

the queue until one job completed its processing. The service time of the product typej job would be

equal to its processing time with at |east one job with a probability equal to (4,; / 4)(1- R ¢r,) and
the service time of the product typej job would be equal to its processing time plusits setup time and
a probability equal to (4, //11)F’1’F,FO(/11,r /Z{) ,where j=1,2,..J,r=12,..J and r # j. Thus, for

a new arriving job of the i™ job of type j, the expected waiting time until one job completed its
processing at the first stage can be calculated as Equation (6).

Supposing that a new job arrives at the first stage and there are ns =k, +1 jobs present in the

system, the new arriving job have to wait in the queue until two jobs completed their processing.
Before starting ajob’s processing, there are two setup cases, “setup” and “no setup”. Therefore, the
setup cases for two jobs list as follows: “setup, setup”, “setup, no setup”, “no setup, setup”, and “no
setup, no setup”. Thus, for a new arriving job of the i™ job of typej, the expected waiting time until

two jobs completed their processing at the first stage can be calculated as Equation (7).
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Furthermore, for anew arriving job of thei™ job of typej, the expected waiting time until ¢ jobs

completed their processing at the first stage can be calculated as Equation (8).
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i9=12,..,3,r=12..3,and r'” = j . Therefore, the expected waiting time of thei"" job of

type | spent at the first stage can be calculated as Equation (9).
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To facilitate the cal cul ation of the expected waiting time of thei" job of typej, Equation (8) need

to be reformulated and can be shown as Equation (10).

EWi o 0=1
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2.2 Theestimated arrival rates of jobs at the second stage

In order to calculate the completion time of jobs at the second stage, the arrival rates of jobs at

the second have to define in advance. Assume that the stages of the flexible flow shop are al

independent. Let N;(t) be the number of arriving jobs of product typej by timet at the second stage.

Suppose that {N, (t),t >0} is a Poisson process with arrival rate 4,,, j=12,...,J. The total
arrival rate at the second stage 4, isequal tothesumof 4, , 3.4, ; .

Since E(Cy;) indicates the expected value of the completion time of thei™ job of product type |
at thefirst stage and the moving time of jobs between each stage is assumed to be equal to zero, E(Cy )
can represent the arrival time of the i job of type j at the second stage. Therefore, the inter-arrival
time between the i job of type j and the (i+1)™ job of type j at the second stage can be shown as

Equation (11).

10
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Thus, the arrival rate of the product typej at the second stage is equal to the inverse of the mean

of the inter-arrival time for the product type j and can be shown as Equation (12).

_%+{Pr[u<T1N,_U] PrL<T,,, <U,]x

(12)
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2.3 Theestimated utilization rates of machines at the second stage

The estimated completion time of jobs at second stage can be determined with the sum of the
expected arriving time, the expected waiting time, and the expected service time of jobs at the second
stage. The expected waiting time of job relates to the utilization rates of machines, which should be
corrected due to the idleness of machine. Theidle time depends on the number of jobsin the system at
specific time, in which the idle time can be described by the birth-and-death process. Suppose that the
number of jobs present in the system at the second stage are smaller than the number of machines, the
idle time can be estimated with the time until the next jobs arrived or the time until jobs completed
their processing. The time until the next jobs arrived is the inter-arrival of jobs at the second stage,

which is the exponential distribution with the parameter 4,. The time until jobs completed their

processing is the service time of jobs.

11



Assume that there are ns, jobs present in the system at the second stage and ns, <k, , wherekz is

the number of machine at the second stage. The process enter this state from state (nsz —1) or state
(ns, +1) . Thus the mean entering rate must be (/12 Prs, 12 T 4y pnsﬁlvz) , where p,. , isthe probability
that there are ns, jobs present in the system at the second, and ., = ]/E(STZ) . Inalong period of time
T, and thus state ns, have to 0ccur 7 (4, Py, 15 + £ Prs, 1) times in timet , where timet s the

available capacity for each machine at the second stage. Therefore, the total idle time can be

calculated as Equation (13).
k 1 = .
Eld, = T{ﬂz p1,2/1_2+[/1_+ E(STZ):| Z(kz _l)(ﬂa SEPR pi+1,2)} (13)
2 2 i=1

From Equation (13), the machine utilization rate at second stage can be obtained and is
expressed as Equation (14).
Jlsz _ ETST, (14)

ETST, + Eld,

where ETST;, is the expected total servicetime of al jobs at the second stage.

2.4 The estimated completion time of jobs at the second stage

In the similar composition defined in Equation (1), the estimated completion time of thei™ job of
product type j at the second stage is equal to the sum of the arrival time of the i"™job of type | at the
second stage, the average waiting time for jobs in queue at the second stage, and the average service

time for jobs of the product type | at the second stage, which can be shown as Equation (15).
E(Cy) = E(Yop )+ E(Woy )+ E(ST,, ) (15)

where E(C,;;) isthe expected completion time of the i™ job of type] at the second stage, E(Y2iy;) isthe

expected arrival time of thei™job of typej at the second stage, E(Ws; ;) isthewaiting time of the i"job

12



of typej in queue at the second stage, and E(ST;;) is the expected service time for jobs of the product
type| at the second stage.

Suppose that the moving time of jobs between the first stage and the second is equal to zero.
Therefore, the expected arrival time of thei™job of type| at the second stage (E(Yzi) isequal to the
expected value of the completion time of the i job of type | at the first stage (E(C4j)). Thus, the
estimated completion time of the i jobs of the product type | at the second stage can be reformul ated

as Equation (16).
E(Cyy ) = E (Yo )+ E(Wey )+ E(ST,,)

E(YLMj )+ E(W,; )+ E(ST,; )+ E(W,; )+ E(ST,;) (16)

= E(Ylv[i]i )+ > BV, )+§1E(STL”)

t=1 .

The calculations of E(W.;;) and E(ST;;) are presented below. At the second stage, jobs with
different product types arrive dynamically in the horizon [L,, U;]. Therefore, L, can be defined as the
expected value of the minimum completion time of jobs at thefirst stage, and U, can be defined asthe
expected value of the maximum completion time of jobs at the first stage. L, and U, are expressed in

Equation (17).
L, = E(Yly[ll)+ E(W,,)+E(ST,)

(17)
U,= E(Yl,[N])+ E(Vvl,q)+ E(ST,)

where E(Y11) is the expected arrival time of the first job at the first stage, E(Y1ny) is the expected
arrival time of the last job at the first stage, E(W.,q) is the expected waiting time for jobs in queue at
thefirst stage, E(ST.) isthe expected servicetime of jobsat thefirst stage,and N =37, N ; - Sincethe
inter-arrival time of job for the product type j at the first stage is independently and exponentially

distributed with the parameter 4, ;, j=1,2,...,J, the arrival time of jobs in the horizon at the first

stage should be uniformly distributed over [Li, Ui]. Therefore, E(Y,,;)=U,-L)/(N+1) and

1
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E(YL[N]) =[(U, - L)N]/ (N +1) . The expected waiting time for jobsin queue at the first stage E(W.,q)
can be calculated as ZLlZiN:i E(W,;)/ N . The expected servicetime of jobs at the first stag E(ST,) is

equal to ZleZi'iiE(STl,ij)/ N . According to L, and U,, E(Wx;;) can be calculate in the same way of

Equation (9) and E(ST,;;) can be computed in the same way of Equation (5).

3. COMPUTATIONAL RESULTS

To evaluate the performance of the proposed probabilistic model in this paper, a ssmulation
model is built, in which jobs are dispatched to machines according to the FIFO rule. In the simulation
model, there are two process stages and each stage is made up of two parallel machines, and the
inter-arrival time of jobs is independently and exponentialy distributed. With the simulation model,
the arrival rate for each product type job at each stage and the lead time for each product type job at
each stage can be collected after the simulation runs, which are used to be compared with the results
calculated by the corresponding probabilistic models to evaluate the accuracy of the proposed
probabilistic models.

An experimental design is conducted by varying three control parameters at various levels, the

expected machine utilization rates at the both stages (o = AE(ST) / K ) and thetotal arrival rate at the
first stage (4,). That is, an experiment includes three factors, two combinations of the expected
machine utilization rate: (p, =0.90, p, =0.70) and (p, =0.70, p, =0.90), and two levels of the
total arrival rate at thefirst stage (4,):1 (1 job arriving in 60 seconds) and 0.5 (0.5 jobs arriving in 60

seconds). Therefore, there would be 4 combinations. Note that jobs of eight different product types
(J =8) will arrive dynamically for each combination and the simulation results would be collected
after 1,0000 independent simulation runs. For each combination, the simulation models include the
matrix of the sequence-dependent setup time for switching product types on a machine at the first

stage and the second stage, which are shown below as ST; and ST».

14



0 3 6 9 12 9 12 3 [0 5 10 15 20 15 20 5
18 0 12 15 15 6 9 6 30 0 20 15 25 10 15 10
1215 0 18 9 6 12 3 20 25 0 30 15 10 20 5
|36 9009 6 36 o |5 1015 0 15 10 5 10
713 9 18 9 0 15 9 12 "|5 15 30 15 0 25 15 20
6 1518 6 9 0 3 6 10 15 30 10 15 0 5 10
9 18 15 12 15 12 O 15 30 25 20 25 20 O 15
6 9 12 9 3 15 9 0 10 15 20 15 5 25 15 O |

Furthermore, the job arrival rate for each product type at the first stage and the job processing
time for each product type at each stage are calculated. First, the arrival rate of the product type | job

at thefirst stage (4, ;) can bederived as 4, ; = (u,; / £5.,u; ;)4 , where uy; isthe random number (beta
distribution with parameters o = 0.65 and f =0.35) at the first stage for j=1,2,...,8. Second, the

expected service time of jobs at the t" stage can be derived as Equation (18).

E(ST’(): z Zj E(Srt,ij )/éNj

J

8 g
-(2n) 2xplLsT, <Ut]{ptt,. -

=li=1

8 (18)
r§1 (/‘i‘tr /2{) S,jr ]

8 LN 8 (19)
(gle) > S PrL<T <U R0 > (4, /4) 8

j=li=1 =1
#]

where the expected service time of jobs at the t™ stage is given by E(ST) =(pk)/ A4 andt=12.In
order to solve the processing time for each product type by Equation (18), we assume that the ratio of
processing time for two specific product typesis set to be fixed constant. Note that “second” is the
units of processing time and setup time.

Accuracy analysis of the probabilistic model for the job arrival rate

15



To analyze the accuracy of the probabilistic model on estimating the job arrival rate, the error

percentage of estimated job arrival rate is defined by Equation (20).

_|ArrivalRate E— ArrivalRate_§

E _
arrival rate ArrivaRate S

x100% (20)

where ArrivalRate E isthejob arrival rate estimated by the probabilistic model and ArrivalRate Sis
the job arrival rate determined by simulation model. The values of Exrival rate @€ shown in Table 1.
When the total arrival rate at the first stage isincreasing, the error percentage of estimated job arrival
rate decreases. This means that jobs arrive at the system to be highly concentrated, which has to be

contributive to reduce the error percentage of estimated job arrival rate.

Table 1. Computational results of job arrival rate for various expected stage machine
utilization rates, total arrival rates at the first stage, and time horizons at the first stage

oroduct (1) 4 =1, p,=0.90,and p, =0.70 @ 4 =1, p,=0.70 ,and p, =0.90

type ArrivaRate E ArrivaRate S Earrival rate ArrivaRate E ArrivalRate S Earrival rate
2" st 2" K 2" st K 2" st 2t 3 2" st
age age age age age age age age age age age age

0.002083| 0.002083| 0.001987| 0.001986| 4.831404| 4.884189| 0.002708| 0.002708| 0.002717| 0.002675| 0.331248| 1.233645

0.001667| 0.001667| 0.001578| 0.001578| 5.640051| 5.640051| 0.002153| 0.002153| 0.002097| 0.002068| 2.670482| 4.110251

0.002500| 0.002500{ 0.002352| 0.002350| 6.292517| 6.382979| 0.002639| 0.002639| 0.002610| 0.002570| 1.111111| 2.684825

0.002153| 0.002153| 0.002048| 0.002048| 5.126953| 5.126953| 0.001736| 0.001736| 0.001703| 0.001681| 1.937757| 3.271862
0.002222| 0.002222| 0.002137| 0.002136| 3.977539| 4.026217| 0.002569| 0.002569| 0.002503| 0.002466| 2.636836| 4.176805

0.001875| 0.001875| 0.001817| 0.001816| 3.192075| 3.248899| 0.001458| 0.001458| 0.001458| 0.001440| 0.000000| 1.250000

0.002708| 0.002708| 0.002619| 0.002618| 3.398244| 3.437739| 0.001944| 0.001944| 0.001933| 0.001907| 0.569064| 1.940220

O|N[O(UT||WIN|F

0.002292| 0.002292| 0.002199| 0.002198| 4.229195| 4.276615| 0.002361| 0.002361| 0.002300| 0.002268| 2.652174| 4.100529

Product (3 4,=05, p,=0.90,and p,=0.70 (4 4,=05, p=070,and p,=0.90

type ArrivaRate E ArrivaRate S Earrival rate ArrivaRate E ArrivalRate S Earrival rate
2" st 2" K 2" st K 2" st 2t 3t 2" st
age age age age age age age age age age age age

0.001181| 0.001181| 0.001058| 0.001057|11.625709|11.731315| 0.001181| 0.001181| 0.001173| 0.001150| 0.682012| 2.695652

0.001111| 0.001111| 0.001025| 0.001024| 8.390244| 8.496094| 0.001250| 0.001250| 0.001214| 0.001191| 2.965404| 4.953820

0.000972| 0.000972| 0.000888| 0.000888| 9.459459| 9.459459| 0.001389| 0.001389| 0.001376| 0.001349| 0.944767| 2.965159

0.001250| 0.001250| 0.001150] 0.001149| 8.695652| 8.790252| 0.001181| 0.001181| 0.001159| 0.001136| 1.898188| 3.961268
0.001111| 0.001111| 0.001013| 0.001013| 9.674235| 9.674235| 0.001042| 0.001042| 0.001041| 0.001023| 0.096061| 1.857283

0.000833| 0.000833| 0.000726| 0.000726|14.738292|14.738292| 0.001111| 0.001111| 0.001084| 0.001065| 2.490775| 4.319249

0.001389| 0.001389| 0.001277| 0.001275| 8.770556| 8.941176| 0.000903| 0.000903| 0.000870| 0.000855| 3.793103| 5.614035

O|N[O(U||WIN|F

0.001250| 0.001250| 0.001137| 0.001136] 9.938434|10.035211| 0.001111] 0.001111] 0.001088| 0.001068| 2.113971| 4.026217

The combination of p, =0.90 and p, =0.70 forms the expected machine utilization rate of the
stages, which means that the first stage is the bottleneck. On the other hand, the combination of
p,=0.70 and p, =0.90 indicates that the second stage is the bottleneck. From the bottleneck to the
nonbottleneck, the behavior of jobs arriving at the system has impacts on the waiting time of jobs at

the bottleneck to result in the increasing error percentage of estimated job arrival rate. From the
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nonbottleneck to the bottleneck, the error percentage of estimated job arrival rate is decreasing, which

is the results of the slight influence on the waiting time of jobs at the nonbottleneck.
The higher error percentage of estimated job arrival rate occurring for the combination of

£, =090 and p, =0.70 relates to the smaller time horizon at the first stage. The lower error
percentage of estimated job arrival rate occurring for the combination of p, =0.70, and p, =0.90

relates to the longer time horizon at the first stage. The overall mean of the error percentages of
estimated job arrival rate is4.9519 %. In general, the probabilistic model can estimate the job arrival
rate accurately.

Accuracy analysis of the probabilistic model for the lead time of the product type

The accuracy on the estimated stage completion time of jobsis evaluated in this paper. However,
the number of jobs generated by the probabilistic model and the simulation model are not the same.
Therefore, the lead time for each product type is adopted instead to evaluate the accuracy on the
estimated stage compl etion time of jobs, in which lead time of job is the period of time between the

arriving of job at one stage and the completion of job at that stage.

Table 2 displays the lead time at the first stage generated by the probabilistic model and the
simulation for various expected stage machine utilization rates, total arrival rates at thefirst stage, and
time horizons at the first stage. Table 3 displays the lead time at the second stage generated by the
probabilistic model and the simulation for various expected stage machine utilization rates, total
arrival rates at the first stage, and time horizons at the first stage. To analyze the accuracy of the
probabilistic model on estimating the lead time of the product type, the error percentage of estimated
the lead time is defined by Equation (21). The mean error percentage for the servicetimeis 9.2586%
a the first stage and at the second stage 6.8007%, which indicate that the proposed model can
estimate the stage service time accurately. However, for the waiting time estimation, the proposed
model can not restrict the estimation error in an accepted range, which leads to the estimation error of
job lead time. Note that error percentage of estimated waiting time increasing at the second stage,

which requires future works to improve the probabilistic model on lead time estimation.
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E|ead time —

|LeadTime E—LeadTime 9

LeadTime S

x100%

(21)

where LeadTime _E and LeadTime_S respectively represent the lead time done by the probabilistic

and simulation model.

Table 2. Computational results of lead time and lead time components at the first stage for
various expected stage machine utilization rates, total arrival rate, and time horizons

1) A4 =1, p=090,and p,=0.70

@ 4 =1, p=0.70,and p,=0.90

Prt?/(;:ct Lead time Waiting time Servicetime Lead time Waiting time Servicetime
E S E S E S E S E S E S
1 1038.5838| 607.4133| 921.0752| 478.5458| 117.5085| 128.8675| 203.8904| 138.8136| 162.4665| 96.4923| 41.4239| 42.3213
2 1068.4953| 642.6080| 919.6893|  474.7983| 148.8060| 167.8097| 260.3990| 204.5555| 161.6665| 95.9087| 98.7325| 108.6468
3 1012.6846| 576.6538| 921.6613 479.7986| 91.0232 96.8552| 214.2058| 150.1459| 162.3073| 96.7048| 51.8985| 53.4411
4 1032.3448| 596.6645| 921.3457|  475.7970| 110.9991| 120.8674| 293.1178| 244.8312| 161.3566| 98.2210| 131.7612| 146.6102
5 1030.8334| 595.8200| 922.1037| 478.8495| 108.7297| 116.9706| 221.3461| 158.7718| 162.1441| 96.7606] 59.2020| 62.0113
6 1053.4910| 621.0111| 921.0382 475.3162| 132.4528| 145.6949| 318.8210| 274.2132| 161.0549| 95.9254| 157.7660| 178.2878
7 999.0553| 554.3153| 922.7272|  476.3996| 76.3281| 77.9156| 278.2930| 225.1498| 161.9128| 97.1290| 116.3802| 128.0208
8 1024.8022| 589.0092| 921.9565 478.4734| 102.8457| 110.5358| 238.7528| 177.7016| 162.0091| 95.4862| 76.7437| 82.2154
Product (3 4,=05, p,=090,and p,=0.70 4 4,=05, p,=0.70,and p,=0.90
type Lead time Waiting time Servicetime Lead time Waiting time Servicetime
E S E S E S E S E S E S
1 2060.5653|1374.3754/1840.5274| 1122.5289| 220.0379| 251.8464| 480.3514| 434.5135| 324.3160| 260.2559| 156.0354| 174.2577
2 2079.1515|1367.8869|1845.5926| 1107.7870| 233.5590| 260.0999| 467.1016| 425.8445| 322.9679| 262.8850| 144.1337| 162.9595
3 2140.5960(1445.0049|1841.5144| 1102.5306| 299.0816| 342.4743| 409.5483| 352.6175| 324.6491| 260.3733| 84.8991| 92.2442
4 2016.8630|1310.7849|1846.0464| 1121.9562| 170.8166| 188.8287| 481.0889| 438.2564| 323.9062| 261.4674| 157.1827| 176.7891
5 2080.6122|1375.5720|1844.7358| 1112.0370| 235.8765| 263.5349| 532.8713| 495.0428| 323.6305| 257.8498| 209.2408| 237.1930
6 2193.3981|1519.4678|1833.2808| 1087.4534| 360.1174| 432.0143| 511.7087| 477.9153| 322.7908| 262.0959| 188.9179| 215.8194
7 1961.9260|1253.5021|1847.3305| 1130.9547| 114.5955| 122.5474| 585.7644| 569.1297| 321.3015| 260.2376| 264.4629| 308.8921
8 2025.2026|1334.1322|1844.3018| 1132.6063| 180.9008| 201.5259| 511.0011| 476.3606| 322.9706| 262.2711| 188.0305| 214.0895

Table 3. Computational results of lead time and lead time components at the second stage
for various expected stage machine utilization rates, total arrival rates, and time horizons

1) A4 =1, p=090,and p,=0.70

@ 4 =1, p,=0.70,and p,=0.90

Prt(;,(;léd Lead time Waiting time Servicetime Lead time Waiting time Servicetime
E S E S E S E S E S E S
1 120.4962 | 55.5010| 71.5314 2.9666| 48.9648 | 52.5343| 446.7822 | 400.8119| 269.7200 | 216.9978| 177.0621 | 183.8141
2 175.3445 | 116.2906| 71.3534 1.4331] 103.9912 | 114.8574| 341.0264 | 264.0825| 269.4583 | 187.4146| 71.5681 | 76.6679
3 194.6241 | 136.2260| 71.6687 8.1920| 122.9554 | 128.0340| 400.5069 | 344.4213| 269.6913 | 210.2636| 130.8156 | 134.1577
4 122.1908 | 57.5196| 71.5566 3.7733| 50.6341 | 53.7463| 347.2065 | 261.4326| 269.1968 | 175.8182| 78.0097 | 85.6144
5 118.3721 | 52.8209| 71.5809 3.7924| 46.7912 | 49.0285| 363.1617 | 303.1135| 269.6616 | 207.7166| 93.5001 | 95.3969
6 199.0819 | 140.0514| 71.4487 1.9297| 127.6333 | 138.1217| 324.3931 | 230.0159| 268.9736 | 165.2462| 55.4195 | 64.7697
7 143.8381 | 81.4984| 71.7267 | 11.4600| 72.1113 | 70.0384| 390.8530 | 313.8723| 269.3365 | 182.2453| 121.5164 | 131.6270
8 145.8710 | 82.8043| 71.6041 5.0759| 74.2669 | 77.7284| 322.8156 | 254.3483| 269.5658 | 200.1602| 53.2499 | 54.1881
Product (3 4,=05, p,=090,and p,=0.70 4 4,=05, p=0.70,and p,=0.90
type Lead time Waiting time Servicetime Lead time Waiting time Servicetime
E S E S E S E S E S E S
1 244.7774 | 123.7874| 134.0633 4.2447] 110.7141 | 119.5428| 736.1560 | 525.8569| 499.6663 | 270.0701| 236.4897 | 255.7868
2 319.7225 | 206.0984| 133.9596 4.4473| 185.7629 | 201.6510| 659.5729 | 444.9514| 499.8143 | 273.8282| 159.7586 | 171.1233
3 266.5045 | 149.8271| 133.7266 2.3848| 132.7779 | 147.4422| 687.1506 | 503.1895| 500.0822 | 305.4555| 187.0684 | 197.7340
4 260.3913 | 145.7634| 134.1600 | 10.4622| 126.2313 | 135.3012| 755.8623 | 544.9693| 499.6663 | 267.0032| 256.1960 | 277.9661
5 320.1895 | 205.6077| 133.9596 4.0509| 186.2299 | 201.5568| 645.5477 | 406.4167| 499.3358 | 245.7626| 146.2118 | 160.6542
6 264.8703 | 148.5815| 133.4504 1.6195| 131.4199 | 146.9620| 648.5037 | 411.9025| 499.5075 | 249.1194| 148.9962 | 162.7831
7 354.2787 | 258.8685| 134.3359 | 26.0346| 219.9428 | 232.8338| 785.1067 | 533.7050| 498.9480 | 216.2196| 286.1587 | 317.4854
8 256.5589 | 138.6225| 134.1600 8.4818| 122.3990 | 130.1407| 664.8455 | 431.7985| 499.5075 | 251.7127| 165.3380 | 180.0858
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Table 4. The results of the goodness of fit and Kolmogorov-Smirnov test

Stage Test 1 2 3 4 5 6 7 8 9 10

Goodness of fit 0.78004 | 0.51222 | 0.73685 | 0.36732 | 0.81025 | 0.94456 | 0.80169 | 0.48022 | 0.55668 | 0.51569
K olmogorov-Smirnov 0.516 0.641 0.700 0.243 0.848 0.446 0.736 0.907 0.378 0.436

Goodness of fit 0.00002 | 0.01604 | 0.00000 | 0.00001 | 0.00244 | 0.00000 | 0.00086 | 0.00011 | 0.01122 | 0.16803
Kolmogorov-Smirnov 0.051 0.021 0.003 0.001 0.001 0.000 0.019 0.064 0.187 0.404

Table 4 presents the results of the goodness of fit and Kolmogorov-Smirnov test for some
simulation runs, in which the null hypothesis that the inter-arrival time of jobs is generated by the
simulation at the first stage and the second stage from a population that follows the exponential
distribution. Table 4 reveals that the P-value at the first stage is more than the 0.05 level of
significance, and then we can conclude at the 0.05 level of significance that the inter-arrival time of
jobs by the simulation at the fi rst«jstage from a population that follows the exponential distribution.
However, some P-value at the seépnd stage are less than the 0.05 level of significance, and then he
inter-arrival time of jobs by the sEmuIation at the second stage did not come from a population that

o

follows the exponential distribution.
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Figure 1. The p-p plots of the inter-arrival time of jobs
by the ssmulation at the second stage for one simulation run

Therefore, to change the distribution of the inter-arrival time of jobs at the second stage would
improve the probabilistic model on lead time estimation. Figure 1 is the p-p plot of the inter-arrival

time of jobs by the simulation at the second stage for one simulation run, in which the null hypothesis
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states that the inter-arrival time follows the Weibull distribution. In Figure 1, the observed data keep

closetothe 45’ line. Therefore, in the future research, we can assume that the inter-arrival time of jobs

at the second stage as the Weibull distribution to improve the estimation of lead time by the

probabilistic model.

4. CONCLUSIONS

This paper developed the probabilistic model to estimate the job completion time at each stage
for the two-stage flexible flow shop problem with dynamic job arrival. To evaluate the performance
of the probabilistic model, a simulation model was built and an experimental design was conducted to
evaluate the accuracy of the proposed probabilistic model on estimating the stage completion time.
Note the lead time for each product type is adopted instead to eval uate the accuracy on the estimated
stage compl etion time of jobs. Computational results show that the proposed probabilistic model for
estimating the job arrival rate for each product type at the stages has been shown to be effective. As
the total arrival rate at the first stage is increasing, the error percentage of estimated job arrival rate
decreases. The overall mean of the error percentages of estimated job arrival rate is 4.9519%. The
overall mean of the error percentages of the service time indicates that the stage service time can be
estimated accurately. However, for the waiting time estimation, the proposed model can not restrict
the estimation error in an accepted range, which leads to the estimation error of job lead time. Future

works are required to improve the lead time estimation.
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